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Iteration of Triangular Matrices
By Lester J. Senechalle 1. Introduction. In order to calculate scalar functions of a matrix A, it is desirable to have a simple formula for the integral iterates An of A. Such a formula was first discovered by Sylvester [1] , who expressed An as, essentially, a divided difference of the function f(x) = xn. However, Sylvester's formula applies only to the case where the eigenvalues of A are distinct; the case of multiple eigenvalues was subsequently treated by Buchheim [2] , and leads to confluent divided differences.
In this paper we give an especially simple formula for An when A is an upper triangular matrix. Our algorithm yields only the upper right hand entry of An, but this is adequate since every nonzero element of A" is in fact the upper righthand entry of the nth iterate of some triangular submatrix of A. 1=1 II (Xi -Xi)
In particular, ^(7) = 0 for 0 ^ n < k, and ^"(7) = Xi" if 7 = (X,). Furthermore, if k ^ 2, qn (7) is defined as qn{y), where y = (X4, • • • , X*_i). Proof.
Theorem. Le¿ [ay] be an m X m upper triangular matrix with distinct eigenvalues X¿ = a¿¿, 1 á > í ». r/ien /or eac/i nonnegative integer n, üim = S T(7)«n(7)-Proof. If m = 1, we have 2ZT€c»i) ^{y)qn{y) = X4", which is clearly ai?.
Suppose that m > 1 and that the theorem holds for matrices of order less than m. We show by induction on n that the theorem holds for matrices of order m.
Since 50(7) = 0 for each 7 in C(X4, • • • , Xm), we have the result for n = 0. Now assume the theorem for n. Then = Z( Z Hy)Qn(y) ) + xm X t(7)«»(t)
so that the theorem holds for n + 1 and the proof is complete.
4. Extensions. The iteration theorem may be extended immediately to the case where the matrix has multiple eigenvalues. We need only regard such matrices as limits of those with distinct eigenvalues, and hence replace qn(y) in the formula for aim by a confluent divided difference [3, p. 12-14] .
The theorem may also be extended to the case where n is negative and the eigenvalues are nonzero. In fact, the lemma is immediate and only minor alterations are needed in the inductive proof of the theorem.
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